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Multiplicative bundle gerbes are gerbes over a Lie group which are compatible with the
group structure. In this article connections on such bundle gerbes are introduced and
studied. It is shown that multiplicative bundle gerbes with connection furnish geometrical
constructions of the following objects: smooth central extensions of loop groups, Chern–
Simons actions for arbitrary gauge groups, and symmetric bi-branes for WZW models with
topological defect lines.
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1. Introduction
Over every smooth manifold one ﬁnds the following sequence of geometrical objects: smooth U(1)-valued functions,
principal U(1)-bundles, bundle gerbes, bundle 2-gerbes, and so on. If the manifold is a Lie group G , it is interesting to
consider subclasses of these objects which are compatible with the group structure. Clearly, a smooth function f : G → U(1)
is compatible with the group structure if it is a group homomorphism. We may write this as
p∗1 f · p∗2 f =m∗ f
with m : G × G → G the multiplication and pi : G × G → G the projections. More interestingly, a principal U(1)-bundle
P over G is compatible with the group structure, if it is equipped with a bundle isomorphism
φ : p∗1P ⊗ p∗2P →m∗P
over G × G , generalizing the equation above. Additionally, the isomorphism φ has to satisfy a coherence condition over
G × G × G . Not every bundle P admits such isomorphisms, and if it does, there may be different choices. Pairs (P , φ)
are called multiplicative U(1)-bundles and are, indeed, an interesting concept: Grothendieck has shown that multiplicative
U(1)-bundles are the same as central extensions of G by U(1) [18].
There is a straightforward generalization to bundle gerbes. Basically, a multiplicative bundle gerbe is a bundle gerbe G
over G together with an isomorphism
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of bundle gerbes over G × G and several coherence conditions. Compared to group homomorphisms and multiplicative
U(1)-bundles, multiplicative bundle gerbes are particularly interesting. Namely, isomorphism classes of bundle gerbes over
an arbitrary smooth manifold M are classiﬁed by H3(M,Z) [23]. For an important class of Lie groups, namely compact,
simple and simply-connected ones, this classifying group is canonically isomorphic to the integers. Thus, these Lie groups
carry a canonical family Gk of bundle gerbes, k ∈ Z. It turns out that all these canonical bundle gerbes are multiplicative [7].
This article is concerned with subtleties that arise when one tries to equip a multiplicative bundle gerbe G with a
connection. A priori, every bundle gerbe admits a connection, and it seems natural to demand that the isomorphism M has
to be connection-preserving. However, this turns out to be too restrictive.
In order to see this, let us consider the canonical bundle gerbes Gk . Every bundle gerbe Gk carries a canonical connection
characterized uniquely by ﬁxing its curvature to be the closed 3-form
Hk := k6
〈
θ ∧ [θ ∧ θ]〉.
Here, θ denotes the left-invariant Maurer–Cartan form on G , and 〈−,−〉 is an invariant inner product on the Lie algebra
of G normalized such that H1 represents 1 ∈ Z = H3(G,Z) in real cohomology. Now, none of the canonical bundle gerbes
equipped with its canonical connection admits a connection-preserving isomorphism M like above.
This is in fact easy to see: an isomorphism between two bundle gerbes with connection can only preserve the connec-
tions if the two curvatures coincide. In case of the isomorphism M and the curvature 3-forms Hk , this is not true: only the
weaker identity
p∗1Hk + p∗2Hk =m∗Hk + dρ
is satisﬁed, for some 2-form ρ on G × G . In this article we introduce a new deﬁnition of a connection on a multiplicative
bundle gerbe (Deﬁnition 2.3), such that the canonical bundle gerbes Gk provide examples. The idea is to include the 2-form
ρ into the structure: M is no longer required to be a connection-preserving isomorphism, but only a weaker structure, an
invertible bimodule of curvature ρ .
The details of this deﬁnition and some examples are the content of Section 2. In Section 3 we introduce a cohomology
theory which classiﬁes multiplicative bundle gerbes with connection. It can be seen as a slight modiﬁcation of the simplicial
Deligne cohomology of the classifying space BG of G . By cohomological methods, we show for compact G (Proposition 3.9):
(a) Every multiplicative bundle gerbe over G admits a connection.
(b) Inequivalent choices of connections are (up to isomorphism) parameterized by 2-forms Ω2(G) modulo closed 2-forms
which satisfy a certain simplicial integrality condition.
If one keeps the curvature 3-form H and the curvature 2-form ρ ﬁxed, we show (Proposition 3.5) for arbitrary Lie groups G:
(c) Isomorphism classes of multiplicative bundle gerbes with connection of curvature H and 2-form ρ are parameterized
by H3(BG,U(1)).
In Section 4 we describe three geometrical constructions, all starting from a multiplicative bundle gerbe with connection
over a Lie group G .
1.) The ﬁrst construction yields a smooth, central extension of the loop group LG (Theorem 4.7). For this purpose we
introduce a monoidal “transgression” functor which takes bundle gerbes with connection over a smooth manifold M to
principal U(1)-bundles over LM. We show that whenever the bundle gerbe is a multiplicative bundle gerbe with connection,
the transgressed U(1)-bundle is also multiplicative, so that Grothendieck’s correspondence applies. For the canonical bundle
gerbe Gk , we obtain the dual of the k-th power of the universal central extension of LG (Corollary 4.9).
2.) The second construction associates to every multiplicative bundle gerbe with connection over any Lie group G
and every principal G-bundle with connection A over a smooth manifold M a bundle 2-gerbe with connection over M
(Theorem 4.12). Its holonomy – evaluated on a three-dimensional closed oriented manifold – is (the exponential of) the
Chern–Simons action functional deﬁned by the connection A (Proposition 4.13). This identiﬁes Chern–Simons theories with
gauge group G with multiplicative bundle gerbes with connection over G . Our classiﬁcation results outlined above imply
a classiﬁcation of Chern–Simons theories for arbitrary Lie groups (Proposition 4.14). Reduced to compact Lie groups, we
reproduce results due to Dijkgraaf and Witten [11].
3.) The third construction yields ﬁrst examples of symmetric bi-branes. D-branes [6] and bi-branes [14] are additional
structures for bundle gerbes with connection that extend their holonomy from closed oriented surfaces to more general
classes of surfaces, namely ones with boundary and with defect lines, respectively. Given a D-brane for a multiplicative
bundle gerbe with connection over a Lie group G , we construct a bi-brane in the direct product G × G (Deﬁnition 4.15). For
applications in conformal ﬁeld theory, so-called symmetric D-branes and symmetric bi-branes are particularly important. We
show (Proposition 4.16) that our construction takes symmetric D-branes to symmetric bi-branes.
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We start with a brief review of bundle gerbes. Let M be a smooth manifold. A bundle gerbe G over M is a surjective
submersion π : Y → M together with a principal U(1)-bundle L over Y [2] and an associative isomorphism
μ : π∗12L ⊗π∗23L → π∗13L
of bundles over Y [3] [25]. Here we have denoted by Y [k] the k-fold ﬁbre product of Y over M , and by πi1...ip : Y [k] → Y [p]
the projections on those components that appear in the index. A connection on a bundle gerbe G is a 2-form C ∈ Ω2(Y ) –
called curving – together with a connection ω on L such that the isomorphism μ is connection-preserving and
π∗2 C −π∗1 C = curv(ω),
where we identify the curvature of ω with a real-valued 2-form on the base space Y [2] of L. The curvature of a connection
on a bundle gerbe is the unique 3-form H ∈ Ω3(M) such that π∗H = dC . For a more detailed introduction to bundle gerbes
and their connections the reader is referred to recent reviews, e.g. [26,32] and references therein.
In this article, all bundle gerbes come with connections. A class of trivial examples is provided by 2-forms ρ ∈ Ω2(M).
Their surjective submersion is the identity id : M → M , so that M[k] is canonically diffeomorphic to M . The bundle L is
the trivial U(1)-bundle I0 equipped with the trivial connection ω = 0, and the isomorphism μ is the identity. Finally, the
curving C is the given 2-form ρ . This bundle gerbe is called the trivial bundle gerbe and denoted Iρ . Its curvature is H = dρ .
Bundle gerbes with connection form a strictly associative 2-category BGrb(M). Most importantly, this means that there
are 1-morphisms A : G →H between two bundle gerbes G and H with connection and 2-morphisms α :A⇒A′ between
those. Basically, the 1-morphisms are certain principal bundles with connection of a ﬁxed curvature, deﬁned over the ﬁbre
product of the surjective submersions of the two bundle gerbes. The 2-morphisms are connection-preserving bundle mor-
phisms between those. The precise deﬁnitions can be found in [34]; here we only need to recall some abstract properties.
Like in every 2-category, a 1-morphism A : G → H is called invertible or 1-isomorphism, if there exists another
1-morphism A−1 : H → G in the opposite direction together with 2-isomorphisms A ◦ A−1 ∼= idH and A−1 ◦ A ∼= idG .
The 1-morphisms between G and H and all 2-morphisms between those form a category Hom(G,H), and the restriction to
1-isomorphisms is a full subcategory Iso(G,H).
Proposition 2.1. (See [34, Section 3].) For 2-forms ρ1,ρ2 ∈ Ω2(M) there is a canonical equivalence
Bun : Iso(Iρ1 ,Iρ2 ) → U(1)-Bun∇ρ2−ρ1 (M),
between the isomorphisms between two trivial bundle gerbes and the category of U(1)-bundles over M with connection of ﬁxed
curvature ρ2 − ρ1 .
This equivalence is useful in the following situation. A 1-isomorphism T : G → Iρ is called trivialization of G . If T1 :
G → Iρ1 and T2 : G → Iρ2 are two trivializations of the same bundle gerbe, one obtains a principal U(1)-bundle Bun(T2 ◦
T −11 ) with connection of curvature ρ2 − ρ1. Thus, two trivializations “differ” by a U(1)-bundle.
The 2-category BGrb(M) of bundle gerbes with connection over M has two important additional structures: pullbacks
and tensor products [34]. The tensor unit is the trivial bundle gerbe I0. Let us make the following observation: a ﬂat U(1)-
bundle L over M corresponds to a 1-isomorphism L : I0 → I0 under the equivalence of Proposition 2.1. Its tensor product
with some 1-isomorphism A : G →H yields a new 1-isomorphism L ⊗A : G →H. This deﬁnes a functor
⊗ : U(1)-Bun∇0 (M) × Iso(G,H) → Iso(G,H). (1)
It exhibits the category Iso(G,H) as a module over the monoidal category of ﬂat U(1)-bundles. Moreover, this action of ﬂat
bundles on the isomorphisms between two bundle gerbes G and H is “free and transitive” in the sense that the induced
functor
U(1)-Bun∇0 (M) × Iso(G,H) → Iso(G,H) × Iso(G,H) (2)
which sends the pair (L,A) to (L ⊗A,A), is an equivalence of categories, see [29, Lemma 2].
Particular 1-morphisms are bimodules [14]. If G and H are bundle gerbes with connection over M , a G–H-bimodule is a
1-morphism
A : G →H⊗ Iρ.
The 2-form ρ is called the curvature of the bimodule. A bimodule is called invertible, if the 1-morphism A is invertible.
A bimodule morphism is just a 2-morphism between the respective 1-morphisms.
Remark 2.2. The set of bundle gerbes with connection subject to the equivalence relation G ∼H if there exists an invertible
G–H-bimodule, is in bijective correspondence with the set of isomorphism classes of bundle gerbes without connection.
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others untouched. To label these maps we indicate the prescription by indices. For example:
m12,3,46,7(g1, g2, g3, g4, g5, g6, g7) := (g1g2, g3, g4g6, g7).
Particular cases are the multiplication m12 : G2 → G and the projections mk : Gp → G to the k-th factor. Furthermore, we
denote the pullback of some geometric object X along one of the maps gI : Gp → Gr by XI .
An n-form ρ ∈ Ωn(G2) will be called 	-closed, if
ρ2,3 + ρ1,23 = ρ1,2 + ρ12,3 (3)
as n-forms over G3. In this case we denote the n-form (3) by ρ	 . To inure the reader to the notation, this means
ρ	 :=m∗2,3ρ +m∗1,23ρ =m∗1,2ρ +m∗12,3ρ,
or, at a point (g1, g2, g3) ∈ G3,
(ρ	)g1,g2,g3 = ρg2,g3 + ρg1,g2 g3 = ρg1,g2 + ρg1g2,g3 .
Deﬁnition 2.3. A multiplicative bundle gerbe with connection over a Lie group G is a triple (G,M,α) consisting of a bundle
gerbe G with connection over G together with an invertible bimodule
M : G1 ⊗ G2 → G12 ⊗ Iρ
over G × G , whose curvature ρ is 	-closed, and a bimodule isomorphism
G1 ⊗ G2 ⊗ G3 M1,2⊗id
id⊗M2,3
G12 ⊗ G3 ⊗ Iρ1,2
M12,3⊗idα
G1 ⊗ G23 ⊗ Iρ2,3 M1,23⊗id G123 ⊗ Iρ	
over G × G × G such that the “pentagon” diagram
M123,4 ◦ (M12,3 ⊗ idG4 ) ◦ (M1,2 ⊗ idG3 ⊗ idG4 )
α1,2,34◦idid◦(α1,2,3⊗id)
M123,4 ◦ (M1,23 ⊗ idG4 ) ◦ (idG1 ⊗M2,3 ⊗ idG4 )
α1,23,4◦id
M12,34 ◦ (M12 ⊗M23)
α12,3,4◦id
M1,234 ◦ (idG1 ⊗M23,4) ◦ (idG1 ⊗M2,3 ⊗ idG4 ) id◦(id⊗α1,2,3) M1,234 ◦ (idG1 ⊗M2,34) ◦ idG1 ⊗ idG2⊗M3,4
is commutative.
Notice that the diagram is well-deﬁned due to the equality
Iρ	 = Iρ2,3 ⊗ Iρ1,23 = Iρ1,2 ⊗ Iρ12,3
which follows since ρ is 	-closed. If one forgets the connections and puts ρ = 0, the above deﬁnition reduces consistently
to the one of a multiplicative bundle gerbe [7].
K. Waldorf / Differential Geometry and its Applications 28 (2010) 313–340 317Example 2.4. Let ϕ ∈ Ω2(G) be a 2-form on G , and G := Iϕ the associated trivial bundle gerbe over G . It can be endowed
with a multiplicative structure in the following ways:
(a) In a trivial way. We put ρ := 	ϕ := ϕ1 − ϕ12 + ϕ2, this deﬁnes a 	-closed 2-form ρ on G2. We obtain an equality
G1 ⊗ G2 = G12 ⊗ Iρ
of bundle gerbes with connection over G2, so that the identity 1-isomorphism M := idG12 is an invertible bimodule as
required. Together with the identity 2-morphism, this yields a multiplicative bundle gerbe with connection associated
to every 2-form on G .
(b) In a non-trivial way involving the following structure: a U(1)-bundle L with connection over G2 and a connection-
preserving isomorphism
φ : L1,2 ⊗ L12,3 → L2,3 ⊗ L1,23
of U(1)-bundles over G3 satisfying the coherence condition
(φ2,3,4 ⊗ id) ◦ (id ⊗φ1,23,4) ◦ (φ1,2,3 ⊗ id) = φ1,2,34 ◦ (id ⊗φ12,3,4) (4)
over G4. Notice that the curvature of L is automatically 	-closed, so that we may put ρ := curv(L) − 	ϕ . Using the
functor Bun from Proposition 2.1, we set M := Bun−1(L) and α := Bun−1(φ). These are morphisms as required in
Deﬁnition 2.3, and (4) implies the pentagon axiom.
A subclass of pairs (L, φ) as used in Example 2.4(b) is provided by 	-closed 1-forms ψ on G2: we set L := Iψ , the trivial
U(1)-bundle with ψ as connection, and φ := id. The choice ψ = 0 reproduces Example 2.4(a).
Example 2.5. Let us now consider the canonical bundle gerbes Gk with their canonical connections. They are deﬁned over
compact, simple and simply-connected Lie groups G for any k ∈ Z. Explicit ﬁnite-dimensional, Lie-theoretic constructions are
available [16,17,21]; here it will be suﬃcient to use abstract arguments. The curvature of Gk is given by multiples Hk = kη
of the canonical 3-form
η := 1
6
〈
θ ∧ [θ ∧ θ]〉 ∈ Ω3(G). (5)
Here, 〈−,−〉 is a symmetric bilinear form on the Lie algebra g which is normalized such that η represents the generator of
H3(G,Z) = Z, and θ is the left-invariant Maurer–Cartan form on G . The canonical 3-form satisﬁes the identity
η1 + η2 = η12 + dρ (6)
for 3-forms on G2, where
ρ := 1
2
〈
p∗1θ ∧ p∗2θ¯
〉
(7)
for θ¯ the right-invariant Maurer–Cartan form. The 2-form ρ is 	-closed as required. We claim that there exist 1-iso-
morphisms
Gk1 ⊗ Gk2 → Gk12 ⊗ Ikρ. (8)
This comes from the fact that isomorphism classes of bundle gerbes with ﬁxed curvature over a smooth manifold M are
parameterized by H2(M,U(1)), but this cohomology group is by assumption trivial for M = G2. Indeed, the curvatures of
the bundle gerbes on both sides of (8) coincide due to (6); hence, 1-isomorphisms exist.
Let M be any choice of such a 1-isomorphism. Now we consider the bundle gerbes H := Gk1 ⊗ Gk2 ⊗ Gk3 and K :=
Gk123 ⊗ Ikρ	 with connection over G3. These are the bundle gerbes in the upper left and the lower right corner of the
diagram in Deﬁnition 2.3. The bimodule isomorphism α that remains to construct is a morphism between two objects in
the category Iso(H,K). We recall that this category is a module over U(1)-Bun∇0 (G3) in a free and transitive way. Since G
is simply-connected, all objects in the latter category are isomorphic, and so are all objects in Iso(K,H). Hence α exists.
Not every choice of α will satisfy the pentagon axiom, but we can still act with an automorphism of the trivial U(1)-
bundle I0 on the choices of α in terms of the functor (1). These are locally constant functions G3 → U(1), and since G is
simple – in particular connected – just elements of U(1). Now, the pentagon axiom compares compositions of pullbacks of
α to G4, namely
αl := α2,3,4 ◦ α1,23,4 ◦ α1,2,3 and αr := α1,2,34 ◦ α12,3,4.
They differ by the action of a number z ∈ U(1), say z ⊗ αl = αr . Now consider the new choice α′ := z ⊗ α; this evidently
satisﬁes the pentagon axiom
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So, the canonical bundle gerbes Gk over a simple, compact and simply-connected Lie group G are examples of multiplicative
bundle gerbes with connection.
Remark 2.6. Any bundle gerbe G with connection over a smooth manifold M provides holonomies HolG(φ) ∈ U(1) for
smooth maps φ : Σ → M deﬁned on a closed oriented surface Σ . For (G,M,α) a multiplicative bundle gerbe over a Lie
group G , this holonomy has a particular “multiplicative” property [7]: for smooth maps φ1, φ2 : Σ → G it satisﬁes
HolG(φ1) ·HolG(φ2) = HolG(φ1 · φ2) · exp
(
2π i
∫
Σ
Φ∗ρ
)
, (9)
where φ1 · φ2 is the pointwise product, ρ is the curvature of the bimodule M and Φ : Σ → G × G is deﬁned by Φ(s) :=
(φ1(s), φ2(s)). In the physical literature (9) is known as the Polyakov–Wiegmann formula.
Deﬁnition 2.7. Let (G,M,α) and (G′,M′,α′) be two multiplicative bundle gerbes with connection over G . A multiplicative
1-morphism is a 1-morphism A : G → G′ and a 2-isomorphism
G1 ⊗ G2 M
A1⊗A2
G12 ⊗ Iρ
β A12⊗id
G′1 ⊗ G′2 M′ G
′
12 ⊗ Iρ ′
(10)
such that the diagram
A123 ◦M12,3 ◦ (M1,2 ⊗ idG3 ) id◦α
β12,3◦id
A123 ◦M1,23 ◦ (idG1 ⊗M2,3)
β1,23◦id
M′12,3 ◦ (A12 ⊗A3) ◦ (M1,2 ⊗ idG3)
(β1,2⊗id)◦id
M′1,23 ◦ (A1 ⊗A23) ◦ (idG1 ⊗M2,3)
id◦β2,3
M′12,3 ◦ (M′1,2 ⊗ id) ◦ (A1 ⊗A2 ⊗A3) α′◦id M
′
1,23 ◦ (idG′1 ⊗M′2,3) ◦ (A1 ⊗A2 ⊗A3)
is commutative.
The existence of the 2-isomorphism β requires that the curvatures ρ and ρ ′ of the bimodules M and M′ coincide. The
composition of two multiplicative 1-morphisms
(G,M,α) (A,β) (G′,M′,α′)
(A′,β ′) (G′′,M′′,α′′)
is declared to be the 1-morphism A′ ◦ A : G → G′′ together with the 2-isomorphism which is obtained by putting di-
agram (10) for β on top of the one for β ′ . This composition of multiplicative 1-morphisms is strictly associative. Thus,
by restricting Deﬁnition 2.7 to invertible 1-morphisms A, one obtains an equivalence relation on the set of multiplicative
bundle gerbes with connection over G . The set of equivalence classes will be studied in Section 3.
Example 2.8. We return to the multiplicative bundle gerbe Iϕ from Example 2.4(b) constructed from a triple (ϕ, L, φ) of
a 2-form ϕ , a U(1)-bundle L with connection over G2 and a certain isomorphism φ. Let α ∈ Ω1(G) be a 1-form from
which we produce a new triple (ϕ′, L′, φ) consisting of the 2-form ϕ′ := ϕ + dα, the U(1)-bundle L′ := L ⊗ I	α , and the
same isomorphism φ. Then, there is a multiplicative 1-morphism between Iϕ and I ′ϕ , whose 1-morphism is given by
A := Bun−1(Iα), and whose 2-isomorphism is the identity.
Concerning the canonical bundle gerbes Gk from Example 2.5 there is a multiplicative 1-isomorphism between
(Gk,M,α) and (Gk,M′,α′) for all different choices of the bimodule M and the bimodule morphism α. This means that
the canonical bundle gerbe Gk is multiplicative in a unique way (up to multiplicative 1-isomorphisms); see Corollary 3.6
below.
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We introduce a cohomological description for multiplicative bundle gerbes with connection and derive a number of
classiﬁcation results. Concerning the exponential map of U(1) we ﬁx the convention that the exponential sequence
0 Z R
e2π i U(1) 1
is exact, and we use the differential of e2π i to identify the Lie algebra of U(1) with R.
3.1. Deligne cohomology
We recall the relation between bundle gerbes with connection and degree two Deligne cohomology. For n 0, the Deligne
complex D•(n) [3] on a smooth manifold M is the sheaf complex
U(1)M
dlog
Ω1M
d · · · d ΩnM .
Here, U(1)M denotes the sheaf of smooth U(1)-valued functions, ΩkM denotes the sheaf of k-forms and d is the exterior
derivative. Finally, dlog sends a smooth function g : U → U(1) to the pullback g∗θ ∈ Ω1(U ) of the Maurer–Cartan form θ on
U(1), which is a real-valued 1-form according to the above convention.
The hypercohomology of the Deligne complex is denoted by Hk(M,D(n)). These cohomology groups can be computed
via Cˇech resolutions: for any open cover U of M one has a complex
Delm(U ,n) :=
⊕
m=p+k
Cˇ p
(
U ,Dk(n)) (11)
whose differential is
D|Cˇ p(U ,Dk(n)) :=
{
δ + (−1)pd for k > 0,
δ + (−1)pdlog else. (12)
The Deligne cohomology groups can then be obtained as the direct limit
Hm
(
M,D(n))= lim−→
U
Hm
(
Del•(U ,n),D
)
(13)
over reﬁnements of open covers.
Of most importance are the groups for m = n. H0(M,D(0)) is the group of smooth U(1)-valued functions on M . To see
what H1(M,D(1)) is, let Ui be the open sets of U . Then, transition functions
gij : Ui ∩ U j → U(1)
and local connections 1-forms Ai of a principal U(1)-bundle with connection deﬁne a cocycle ξ = (gij, Ai) ∈ Del1(U ,1).
A connection-preserving isomorphism deﬁnes a cochain η ∈ Del0(U ,1) in such a way that ξ ′ = ξ +D(η). This establishes a
bijection between isomorphism classes of U(1)-bundles with connection and H1(M,D(1)), see [3, Th. 2.2.11].
Similarly, H2(M,D(2)) classiﬁes bundle gerbes with connection. For every bundle gerbe G = (π, L,C,μ) with connection
over M there exists an open cover U that permits to extract a cocycle (g, A, B) in Del2(U ,2). It consists of smooth
functions
gijk : Ui ∩ U j ∩ Uk → U(1)
coming from the isomorphism μ, of 1-forms Aij ∈ Ω1(Ui ∩ U j) coming from the connection on the bundle L, and of
2-forms Bi ∈ Ω2(Ui) coming from the curving C . In terms of its local data, the curvature of the bundle gerbe G is given
by H|Ui = dBi , and the Dixmier–Douady class DD(G) ∈ H3(M,Z) mentioned in the introduction is the image of the Cˇech
cohomology class of g under the isomorphism
H2
(
M,U(1)
)∼= H3(M,Z).
For any 1-isomorphism A : G → G′ one ﬁnds a cochain η ∈ Del1(U ,2) with ξ ′ = ξ + D(η), and for any 2-isomorphism
ϕ :A⇒A′ between such 1-isomorphisms a cochain α ∈ Del0(U ,2) with η′ = η + D(α). Conversely, one can reconstruct
bundle gerbes, 1-isomorphisms and 2-isomorphisms from given cocycles and cochains, respectively. This establishes a bijec-
tion [23]⎧⎪⎨
⎪⎩
Isomorphism classes
of bundle gerbes with
connection over M
⎫⎪⎬
⎪⎭∼= H
2(M,D(2)). (14)
A detailed account of the relation between Deligne cohomology and geometric objects can be found in literature, e.g. [32]
and references therein.
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The discussion of multiplicative bundle gerbes (without connection) over a Lie group G shows that the cohomology of
the classifying space BG is relevant [4,7]. We shall review some aspects that will be important.
One considers the simplicial manifold G• = {Gq}q0 with the usual face maps 	i : Gq → Gq−1 for 0  i  q. In the
notation of Section 2 these face maps are given by
	0 =m2,...,q, 	q =m1,...,q−1 and 	i =m1,...,i(i+1),...,q for 1 i < q.
For A an abelian Lie group, let AM denote the sheaf of smooth A-valued functions on a smooth manifold M . The sheaf
homomorphisms
	 :=
q∑
i=0
(−1)i	∗i : AGq−1 → AGq (15)
deﬁne a complex
A{∗} 	 AG 	 AG2 	 AG3 	 · · · (16)
of sheaves. Following [4] we denote the hypercohomology groups of this complex by Hm(BG, A ). Indeed, if Aδ is the group
A equipped with the discrete topology, Hm(BG, Aδ) is the singular cohomology Hm(BG, A) of the topological space BG.
The same cohomology groups have been considered by Segal [28]; they are furthermore related to the continuous coho-
mology Hmct(G, V ) of G: for V a topological vector space endowed with a continuous G-action, this is the cohomology of a
complex whose cochain groups are the continuous maps from Gq to V , and whose differential is a continuous analog of the
one of ﬁnite group cohomology. In the case that V is ﬁnite-dimensional and G acts trivially,
Hmct(G, V ) = Hm(BG, V ),
where V is on the right hand side considered as an abelian Lie group ([4, Prop. 1.3]).
The homomorphisms 	 from (15) generalize to arbitrary sheaves of abelian groups, for example to differential forms,
	 : Ωk(Gq)→ Ωk(Gq+1). (17)
In Section 2 we have called k-forms ρ ∈ Ωk(G2) with 	ρ = 0 	-closed. We denote the kernel of (17) by Ωk	(Gq).
We compute the cohomology groups Hm(BG, A ) via Cˇech resolutions. Let U = {Uq}q1 be a sequence of open covers
of Gq , whose index sets form a simplicial set in such a way that
	k
(
Uqi
)⊂ Uq−1
	k(i)
for Uqi on open set of Uq . A construction of such sequences with arbitrarily ﬁne open covers Uq can be found in Sec-
tion 4 of [33]. We form the double complex Cˇ p(Uq, AGq ) and denote its total complex by Totm	(U, A ), equipped with the
differential
	|Cˇ p(Uq,AGq ) := (−1)
qδ + 	.
The cohomology of this total complex computes – in the direct limit over reﬁnements of sequences of open covers – the
groups Hm(BG, A ).
In order to classify multiplicative bundle gerbes with connection over G , we consider the simplicial Deligne complex
Del•	(U,n). Its cochain groups are
Delm	(U,n) :=
⊕
m= j+q
Del j(Uq,n), (18)
and its differential is
D	|Del j(Uq,n) := (−1)qD+ 	. (19)
Taking the direct limit over sequences of open covers U, one obtains the simplicial Deligne cohomology Hm(BG,D(n)) as
introduced in [1,4]. Notice that the curvature 2-form ρ of the bimodule M in the deﬁnition of a multiplicative bundle gerbe
with connection has not yet a place in the simplicial Deligne complex.
For this purpose, we modify the cochain groups in degree n+ 1,
Deln+1(U,n)bi := Deln+1(U,n) ⊕ Ωn	
(
G2
)
, (20)	 	
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bi := Delm	(U,n) is as before in all other degrees m = n + 1. On the additional summand we deﬁne the
differential by
Dbi	|Ωn	(G2) : Ω
n
	
(
G2
)→ Deln(U2,n) : ρ →
{
(1,0, . . . ,0,−ρ) n 1,
e−2π iρ n = 0
and keep Dbi	 := D	 in all other cases. The new differential still satisﬁes Dbi	 ◦ Dbi	 = 0. The cohomology of this complex – in
the direct limit over sequences of open covers – is denoted
Hm
(
BG,Dbi(n)) := lim−→
U
Hm
(
Del•	(U,n)bi,Dbi	
)
.
The most interesting groups are those with m = n + 1, of which we shall now explicitly describe the ﬁrst ones.
For n = 0, we have
Del1	(U,0)
bi = Del0(U1,0) ⊕ Ω0	
(
G2
)
,
Del2	(U,0)
bi = Del0(U2,0) ⊕Del1(U1,0)
and the differential Dbi	 sends a cochain (g,ρ) to (	g ·e−2π iρ,−Dg). The second component Dg = 1 of the cocycle condition
infers that g is a globally deﬁned smooth function g : G → U(1). The ﬁrst component 	g = e2π iρ infers that g is a projective
group homomorphism, i.e.
g(x)g(y) = g(xy)e2π iρ(x,y) (21)
for all x, y ∈ G . The condition 	ρ = 0 imposed in (20) is here important for the compatibility of (21) with the associativity
of G . Summarizing, H1(BG,Dbi(0)) is the group of smooth projective group homomorphisms (g,ρ).
For n = 1, the ﬁrst cochain groups are
Del1	(U,1)
bi = Del0(U1,1),
Del2	(U,1)
bi = Del0(U2,1) ⊕Del1(U1,1) ⊕ Ω1	
(
G2
)
,
Del3	(U,1)
bi = Del0(U3,1) ⊕Del1(U2,1) ⊕Del2(U1,1).
The coboundary of a cochain h in degree one is (	h,−Dh,0), and the one of a cochain (a, ξ,ρ) in degree two is (	a,Da+
	ξ − (1,ρ),−Dξ). The cocycle condition for (a, ξ,ρ) has the following components: Dξ = 0 means that ξ is a cocycle for a
U(1)-bundle L with connection over G . The next condition Da + 	ξ = (1,ρ) means that a deﬁnes a connection-preserving
bundle isomorphism
α : p∗1L ⊗ p∗2L →m∗L ⊗ Iρ
over G2, where Iρ is the trivial U(1)-bundle equipped with the connection 1-form ρ . The remaining condition 	a = 1 is a
coherence condition for α when pulled back to G3. This way, a cocycle in Del2	(U,1)
bi deﬁnes a multiplicative U(1)-bundle
with connection. Interesting examples of such bundles can be found in [24].
Two cocycles (a, ξ,ρ) and (a′, ξ ′,ρ ′) are equivalent if they differ by a coboundary (	h,−Dh,0): this means that the
1-forms coincide, ρ = ρ ′ , the component ξ ′ = ξ − Dh means that −h deﬁnes an isomorphism ν : L → L′ of U(1)-bundles
with connection, and a′ = a · 	h means that ν respects the multiplicative structures deﬁned by a and a′ . So, cobordant co-
cycles in Del2	(U,1)
bi deﬁne isomorphic multiplicative U(1)-bundles with connection. Summarizing, the cohomology group
H2(BG,Dbi(1)) is in bijection to the set of isomorphism classes of multiplicative U(1)-bundles with connection over G .
The most important cohomology group in this article is H3(BG,Dbi(2)). The relevant cochain groups are here
Del2	(U,2)
bi = Del0(U2,2) ⊕Del1(U1,2),
Del3	(U,2)
bi = Del0(U3,2) ⊕Del1(U2,2) ⊕Del2(U1,2) ⊕ Ω2	
(
G2
)
,
Del4	(U,2)
bi = Del0(U4,2) ⊕Del1(U3,2) ⊕Del2(U2,2) ⊕ Del3(U1,2).
The coboundary of a cochain (h, ζ ) in degree two is (	h,Dh + 	ζ,−Dζ ), and the one of a cochain (a,μ, ξ,ρ) in degree
three is
Dbi	(a,μ, ξ,ρ) =
(
	a,−Da + 	μ,Dμ+ 	ξ − (1,0,ρ),−Dξ).
The last component Dξ = 0 of the cocycle condition means that ξ is a cocycle for a bundle gerbe G with connection over G .
The condition Dμ+ 	ξ − (1,0,ρ) = 0 means that μ deﬁnes a 1-isomorphism
M : p∗1G ⊗ p∗2G →m∗G ⊗ Iρ
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α : (M12,3 ⊗ id) ◦ (M1,2 ⊗ id) ⇒ (M1,23 ⊗ id) ◦ (id ⊗M2,3),
and the last condition 	α = 1 infers the pentagon axiom for α. Summarizing, a cocycle (a,μ, ξ,ρ) deﬁnes a multiplicative
bundle gerbe with connection over G .
Let (a,μ, ξ,ρ) and (a′,μ′, ξ ′,ρ ′) be cocycles differing by the coboundary of a cochain (h, ζ ) ∈ Del2	(U,2)bi . The com-
ponent ξ ′ = ξ − Dζ means that −ζ is a 1-isomorphism A : G → G′ between the bundle gerbes G and G′ coming from
the cocycles ξ and ξ ′ . The two forms coincide, ρ = ρ ′ , and the component μ′ = μ + Dh + 	(−ζ ) means that h is a 2-iso-
morphism
β :A12 ◦M⇒M′ ◦ (A1 ⊗A2).
The last component a′ = a ·	h guarantees the compatibility of β with the bimodule morphisms α and α′ . Hence, cobordant
cocycles deﬁne isomorphic multiplicative bundle gerbes with connection.
Conversely, since we can extract local data from bundle gerbes with connection, 1-isomorphisms and 2-isomorphisms,
we conclude
Proposition 3.1. There exists a canonical bijection⎧⎪⎨
⎪⎩
Isomorphism classes of
multiplicative bundle gerbes
with connection over G
⎫⎪⎬
⎪⎭∼= H
3(BG,Dbi(2)).
We remark that similar bijections for multiplicative gerbes without connection, and with connection but with vanishing
curvature ρ , have been shown before [1,4,7].
3.3. Multiplicative classes
In this section we derive four results on the groups Hm(BG,Dbi(n)). The ﬁrst result is related to the projection
pm : Delm	(U,n)bi → Totm	
(
U,U(1)
)
(22)
onto those components of Delm	(U,n)
bi which have values in the sheaf U(1). This is a chain map into the complex whose
cohomology is Hm(BG,U(1)). Together with the connecting homomorphism
Hm
(
BG,U(1)
)→ Hm+1(BG,Z) (23)
of the exponential sequence, the map induced by pm is a homomorphism
MC : Hm(BG,Dbi(n))→ Hm+1(BG,Z). (24)
If (G,M,α) is a multiplicative bundle gerbe with connection over G that corresponds to a class ξ ∈ H3(BG,Dbi(2)) under
the bijection of Proposition 3.1, we call MC(ξ) ∈ H4(BG,Z) its multiplicative class.
Another invariant of a multiplicative bundle gerbe with connection is the pair (H,ρ) consisting of the curvature 3-form
of G and the curvature 2-form of the bimodule M. In general, there is a projection
Ω : Hn+1(BG,Dbi(n))→ Ωn+1(G) ⊕ Ωn(G2) (25)
whose result is the pair (dωn,ρ) consisting of the derivative of the top-form in the Deligne cocycle (g,ω1, . . . ,ωn) in
Deln(U1,n) and the n-form ρ on G2 we have added in (20). A pair (H,ρ) of differential forms in the image of the homo-
morphism Ω satisﬁes
dH = 0, 	H − dρ = 0 and 	ρ = 0. (26)
In general, Eqs. (26) mean that (H,ρ,0, . . . ,0) is a cocycle in the total complex of the simplicial de Rham double complex
Ω•(G•), whose differential is
d	|Ωk(Gq) = 	 + (−1)1+qd,
with the signs chosen compatible with the conventions (12) and (19). The cohomology of this complex computes the real
cohomology of BG via extended de Rham isomorphisms H•(BG,R) ∼= H•(ΩG) [5].
Our ﬁrst result on the groups Hm(BG,Dbi(n)) is:
K. Waldorf / Differential Geometry and its Applications 28 (2010) 313–340 323Proposition 3.2. The image of the multiplicative class MC(ξ) of a class ξ in Hn+1(BG,Dbi(n)) under the homomorphisms
Hn+2(BG,Z) Hn+2(BG,R)
∼=
Hn+2(ΩG) (27)
coincides with the class deﬁned by Ω(ξ).
Proof. The extended de Rham isomorphisms can be deﬁned as follows. The inclusions
Ωk
(
Gq
)
↪→ Cˇ0(Uq,Ωk) and Cˇ p(Uq,R) ↪→ Cˇ p(Uq,Ω0)
deﬁne chain maps from the double complexes which compute, respectively, Hm(ΩG) and Hm(BG,R), into the triple com-
plex Cˇ p(Uq,Ωk) which has a differential DΩ with the signs arranged like the ones in (19). By deﬁnition, two cocycles
correspond under the extended de Rham isomorphism Hm(BG,R) ∼= Hm(ΩG) to each other, if the sum of their inclusions is
a coboundary in this triple complex.
The triple complex Cˇ p(Uq,Ωk) is similar to the complex Del
•
	(U,n)
bi , except (a) it has for k = 0 the sheaf Ω0 instead
of U(1), (b) it is not truncated above k = n, and (c) has not the additional n-form. Thus, by taking exponentials, truncating
and putting zero for the additional n-form, we have a chain map from Cˇ p(Uq,Ωk) to Del
•
	(U,n). Conversely, if we assume
open covers Uq on which one can choose smooth logarithms of U(1)-valued functions, one has a section of this chain
map, which is itself not a chain map: a straightforward computation shows that the coboundary of the image of a cocycle
ξ ∈ Delm	(U,n) under this section is precisely the sum of the inclusion of Ω(ξ) and of the inclusion of a cocycle
κ := 1
2π i
(−δ logα1,	 logα1 + δ logα2, . . . ,	 logαn)
in Totm	(U,R), where (α1, . . . ,αn) = pm(ξ) under the projection (22).
It remains to notice that κ represents the image of pm(ξ) under the connecting homomorphism (23), and is thus a
Cˇech-representative of the multiplicative class of ξ . Hence MC(ξ) and Ω(ξ) correspond to each other under the extended
de Rham isomorphisms. 
As a consequence of Proposition 3.2 we see that any pair Ω(ξ) of differential forms is contained in subspaces
Mn+1
Z
(G) ⊂ Mn+1
R
(G) ⊂ Ωn+1(G) ⊕ Ωn(G2),
where Mn+1
R
(G) consists of those pairs (H,ρ) which satisfy the cocycle conditions (26), and Mn+1
Z
consists of those whose
associated class in Hn+2(ΩG) lies in the image of the integral cohomology under (27).
In preparation of the next result it will be useful to consider the following chain map of complexes of sheaves
ι : U(1) ↪→D•d(n) : g → (g,0, . . . ,0). (28)
Here, the sheaf of locally constant U(1)-valued functions is considered as a sheaf complex concentrated in degree zero, and
D•d(n) denotes the Deligne complex in which the last sheaf Ωn is replaced by the sheaf Ωnd of closed n-forms. We recall
that ι is a quasi-isomorphism [3], i.e. it induces isomorphisms
Hm(M,U(1)) ∼= Hm(M,Dd(n)). (29)
This follows from the Poincaré-Lemma; the same is true in the simplicial context, as we shall see next. We introduce the
complex
Delm	(U,n)d :=
⊕
m=p+q+k
Cˇ p
(
Uq,Dkd(n)
)
.
Lemma 3.3. For all m 0 and n > 0, the inclusion
Totm	
(
U,U(1)
)
↪→ Delm	(U,n)d
is a quasi-isomorphism, i.e. it induces isomorphisms
Hm
(
BG,U(1)
)∼= Hm(BG,Dd(n)).
Proof. We show that for n 1 the inclusions
Delm	(U,n − 1)d ↪→ Delm	(U,n)d and Totm	
(
U,U(1)
)
↪→ Delm	(U,1)d
are quasi-isomorphisms. Then the claim follows by using the ﬁrst quasi-isomorphism (n − 1) times and then the second
one time.
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ξ = (ξ1, . . . , ξm) ∈ Delm	(U,n)d
is a simplicial Deligne cocycle with a Deligne cocycle ξm ∈ Delm−1(U1,n) on top. If m n, ξ contains no n-forms and (if at
all) only a closed (n − 1)-form; it is thus also a cocycle in Delm	(U,n − 1)d. If m > n, we have ξm = (ω1, . . . ,ωm) with an n-
form ωm ∈ Cˇm−n−2(U1,Ωn). Assuming a good cover U1, we can choose η ∈ Cˇm−n−2(U1,Ωn−1) such that (−1)m−ndη = ωm .
We can then regard η as a cochain in Delm−1	 (U,n)d, and obtain a new cocycle
ξ ′ := ξ + D	(η),
which has by construction no n-forms supported on the cover U1, and since it is still a cocycle, only a closed (n − 1)-form.
Now we can repeat this process inductively over all Uq , since the changes there only affect n-forms supported on Uq+1. We
have then associated to any simplicial Deligne cocycle in Delm	(U,n)d an equivalent one in Del
m
	(U,n − 1)d. On cohomology
classes, this is obviously an inverse to the inclusion.
The proof that the second inclusion is a quasi-isomorphism is similar, just that one has to use U(1)-valued functions
instead of 0-forms. For such a function, being closed is the same as being locally constant, which is the claim. 
We also need the following technical lemma that relates the extended de Rham isomorphism to the quasi-isomorphism
we have just discussed.
Lemma 3.4. The composite
Mn+1
R
(G) Hn+2(BG,R) Hn+2
(
BG,U(1)
)
Hn+2
(
BG,Dd(n)
)
sends a pair (H,ρ) ∈ Mn+1
R
(G) to a simplicial Deligne class represented by a cochain of the form (0, . . . ,0, ξn, ξn+1). Moreover, with
B ∈ Cˇ0(U1,Ωn) such that dB = H, one can take
ξn = (1,0, . . . ,0,	B + ρ) and ξn+1 = (1,0, . . . ,0,−δB).
Proof. The cocycle (H,ρ,0, . . . ,0) associated to (H,ρ) ∈ Mn+1
R
(G) corresponds under the extended de Rham isomorphism
to a cocycle (t0, . . . , tn+1) in Totn+2	 (U,R), i.e. there exists a cochain η in the triple complex Cˇ p(Uq,Ωk) with
(t0, . . . , tn+1) + DΩ(η) = (H,ρ,0, . . . ,0). (30)
Notice that ι(e2π it0 , . . . ,e2π itn+1) is the image of (H,ρ) under the composite we are about to understand. The cochain η is
a collection ηkq ∈ Cˇn+1−q−k(Uq,Ωk) and among the relations implied by (30) are
−dηn1 = H and 	ηn1 + dηn−12 = ρ.
Now denote by η˜ the same cochain but with all Ω0-valued parts exponentiated and ηn1 := 0. Then η˜ is in Deln+1	 (U,n)d,
and
ι
(
e2π it0 , . . . ,e2π itn+1
)+ D	(η˜) ∈ Deln+2	 (U,n)d
is the claimed cocycle (0, . . . ,0, ξn, ξn+1) with B := −ηn1. 
Now we are prepared to prove our second result on Hm(BG,D(n)bi).
Proposition 3.5. The inclusion ι induces isomorphisms
Hm
(
BG,U(1)
)∼= Hm(BG,Dbi(n))
for m n. For m = n + 1 the induced map ﬁts into an exact sequence
0 Hn+1
(
BG,U(1)
) ι∗ Hn+1(BG,Dbi(n)) Mn+1
Z
(G) 0.
Proof. For a sequence U of open covers Uq of Gq as used before, we deﬁne the following complex Ω•(U,n). We put
Ωm(U,n) = 0 for m n,
Ωn+1(U,n) := Cˇ0(U1,Ωn+1d )⊕ Ωn(G2)
and
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⊕
m−n=p+q
Cˇ p
(
Uq,Ω
n+1
d
)
for m > n + 1. The differential is on a summand Cˇ p(Uq,Ωn+1d ) given by (−1)qδ + 	, and on the summand Ωn(G2) by
−d : Ωn(G2) → Cˇ0(U2,Ωn+1d ).
The complex Ω•(U,n) satisﬁes two purposes. The ﬁrst is that the cohomology of Ω•(U,n) is trivial in degree m n and
is Mn+1
R
(G) in degree n + 1. The second is that we have a chain map
d : Del•	(U,n)bi → Ω•(U,n) (31)
which is the derivative on all n-forms that occur in Del•	(U,n)bi , and the identity on the additional summand Ωn(G2)
from (20). We may assume that all open covers Uq are such that the Poincaré Lemma is true. Then, the chain map (31) is
surjective, and its kernel is precisely the complex Del•	(U,n)d. Summarizing,
0 Del•	(U,n)d Del•	(U,n)bi
d
Ω•(U,n) 0 (32)
is an exact sequence of complexes.
Due to the vanishing of the cohomology of Ω•(U,n) in degree m n, the long exact sequence in cohomology induced
by (32) splits into isomorphisms
Hm
(
BG,Dd(n)
)∼= Hm(BG,Dbi(n)),
which show together with Lemma 3.3 the ﬁrst claim. It remains an exact sequence
0 Hn+1
(
BG,U(1)
)
Hn+1
(
BG,Dbi(n)) Mn+1
R
(G)
Hn+2
(
BG,Dd(n)
) · · ·
whose connecting homomorphism is precisely the homomorphism described in Lemma 3.4. Thus, it factors as
Hn+2(BG,R) Hn+2
(
BG,U(1)
)
Hn+2
(
BG,Dd(n)
)
. (33)
The last arrow is an isomorphism by Lemma 3.3; hence, any element (H,ρ) ∈ Mn+1
R
(G) which lies in the kernel of (33)
must already lie in the kernel of Hn+1(BG,R) → Hn+2(BG,U(1)), and thus in the image of Hn+2(BG,Z). This means, by
deﬁnition, (H,ρ) ∈ Mn+1
Z
(G), which proves the second claim. 
Corollary 3.6. For G compact, simple and simply-connected, there exists a (up to isomorphism) unique multiplicative bundle gerbe
with connection for every element in M3
Z
(G).
This follows from Proposition 3.5 and the identity H4(BG,Z) ∼= Z, which implies
H3
(
BG,U(1)
)∼= Tor H4(BG,Z) = 0.
We recall from Example 2.5 that the canonical bundle gerbe Gk with connection of curvature Hk over G is multiplicative
with a bimodule of curvature kρ . In particular (Hk,kρ) ∈ M3Z(G). Corollary 3.6 shows now that Gk is multiplicative in a
unique way.
In preparation of the third result on the groups Hm(BG,D(n)bi) we continue the discussion of the multiplicative class,
i.e. the group homomorphism
MC : Hm(BG,Dbi(n))→ Hm+1(BG,Z)
induced by the chain map pm that projects onto all components of Delm	(U,n)
bi which have values in the sheaf U(1). The
kernel ker(pm) together with the restriction of D	 is again a complex, so that
0 ker
(
pm
)
Delm	(U,n)
bi p
m
Totm	
(
U,U(1)
)−→ 0 (34)
is an exact sequence of complexes.
In the following we restrict our attention to the case n = 2, which is relevant for multiplicative bundle gerbes with
connection. If we denote the cohomology of ker(p•) by Hm , the interesting part of the long exact sequence induced by (34)
is:
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ω
H3 H3
(
BG,Dbi(2)) H3(BG,U(1))
H4 · · · .
(35)
The following lemma contains straightforward calculations concerned with this long exact sequence.
Lemma 3.7. There are canonical isomorphisms
H3 ∼= (Ω2(G) ⊕ Ω1	(G2))/(−d⊕ 	)Ω1(G),
H4 ∼= Ω1d,	
(
G3
)
/	Ω1
(
G2
)
.
Under these identiﬁcations, the connecting homomorphism ω of (35) is given by the composite
H2
(
BG,U(1)
)→ H3(BG,Z) → H3(BG,R) ∼= H3(ΩG) →H3,
where the last arrow is the map
H3(ΩG)  [(ϕ2,ϕ1,ϕ0)] → (ϕ2,ϕ1) ∈ Ω2(G) ⊕ Ω1	(G2),
which is well-deﬁned in the image of H2(BG,U(1)). The homomorphism H3 → H3(BG,Dbi(2)) sends a pair (ϕ,ψ) to the family
(ξ0, ξ1, ξ2) of Deligne cochains ξk ∈ Delk(U3−k,2) given by
ξ0 := 1, ξ1 := (1,ψ) and ξ2 := (1,0,ϕ)
and to the additional 2-form ρ := dψ + 	ϕ ∈ Ω2(G2).
Remark 3.8. The homomorphism H3 → H3(BG,Dbi(2)) in the sequence (35) has the following geometric counterpart under
the bijection of Proposition 3.1: a pair (ϕ,ψ) is mapped to the multiplicative bundle gerbe (Iϕ, Iψ, id) constructed in
Example 2.4(b). If (ϕ,ψ) is changed to (ϕ − dα,ψ + 	α) by a 1-form α ∈ Ω1(G), the corresponding multiplicative bundle
gerbe is related to the previous one by the multiplicative 1-isomorphism constructed in Example 2.8.
We denote by Ωnd,	,Z(G) the space of n-forms ϕ on G which are closed and 	-closed, and whose class (ϕ,0, . . . ,0)
in Hn+1(ΩG) ∼= Hn+1(BG,R) lies in the image of the integral cohomology Hn+1(BG,Z). Equivalently, the pair (ϕ,0) lies
in Mn
Z
(G).
Proposition 3.9. For G compact, the sequence
0 Ω2d,	,Z(G) Ω
2(G) H3
(
BG,Dbi(2)) MC H4(BG,Z) 0
is exact, where the third arrow sends a 2-form ϕ to the class of the bundle gerbe Iϕ , which is trivially multiplicative with 2-form
ρ = 	ϕ .
Proof. We recall two important results on the cohomology of compact groups G . First, the homomorphism (23) is actually
an isomorphism [4, Prop. 1.5]:
H3
(
BG,U(1)
)∼= H4(BG,Z).
The second result is due to Bott [2]: the cohomology of the complex
Ωq(∗) 	 Ωq(G) 	 Ωq(G2) 	 · · ·
is given by Hp(Ωq) = Hp−qct (G, Sqg∗), where Sqg∗ is the q-th symmetric power of g∗ , considered as a G-module under the
coadjoint action. Since Hmct(G, V ) = 0 for m > 0 and G compact [30], we have Hp(Ωq) = 0 for p = q. It follows that the
identiﬁcations of Lemma 3.7 simplify to
H3 ∼= Ω2(G)/dΩ1	(G) and H4 = 0.
All what remains now is to compute the kernel of the map from Ω2(G) to H3(BG,Dbi(2)).
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mapped to [(ϕ,0,0)] ∈ H3(ΩG). According to Lemma 3.7 it is a preimage of ϕ under the connecting homomorphism ω. By
the exactness of the sequence (35), it is hence in the kernel. Conversely, suppose ϕ is in the kernel. Then, it must be in the
image of ω, which implies by Lemma 3.7 that it comes from a class in H3(BG,Z). 
Proposition 3.9 makes two important claims for multiplicative bundle gerbes with connection over compact Lie groups.
The ﬁrst is that for any class ξ ∈ H4(BG,Z) there exist multiplicative bundle gerbes with connection, whose multiplicative
class is ξ . The second is that – unlike for multiplicative bundle gerbes without connection (see Proposition 5.2 in [7]) –
there may be non-isomorphic choices.
We will derive one further result on the groups Hm(BG,Dbi(n)). We recall that for any Lie group G and any abelian
group A there is a homomorphism
τ : Hm(BG, A) → Hm−1(G, A) (36)
called transgression and deﬁned as follows. For a cocycle ξ in the singular cochain complex of BG, the pullback p∗ξ to the
universal bundle p : EG → BG is – since EG is contractible – a coboundary, say p∗ξ = dβ . For ι : G ↪→ EG the canonical
identiﬁcation of G with the ﬁbre over the base point of BG we have d(ι∗β) = 0, so that ι∗β deﬁnes a class τ ([ξ ]) :=
[ι∗β]. This class is independent of the choices of the representative ξ and of β . Classes in the image of the transgression
homomorphism are called transgressive.
It is interesting to rewrite the transgression homomorphism in terms of the simplicial model of BG we have used before.
For this purpose we consider the obvious projection
v : Totm	(U, A) → Cˇm−1(U1, A)
from the complex that computes Hm(BG, A) to the complex whose cohomology is Hm−1(G, A). Using the simplicial model
for the universal bundle G ↪→ EG → BG one can explicitly check
Lemma 3.10. τ = v∗ .
Now we consider the homomorphism
τ∞ : H3(BG,Dbi(2))→ H2(G,D(2))
which is induced by the projection v∞ : Del3	(U ,2)bi → Del2(U1,2). In terms of geometric objects, it takes a multiplicative
bundle gerbe (G,M,α) with connection and forgets M and α. By construction, v∞ lifts the chain map v from Lemma 3.10,
so that we have
Proposition 3.11. The homomorphism τ∞ lifts transgression, i.e. the diagram
H3
(
BG,Dbi(2))
MC
τ∞ H2
(
G,D(2))
DD
H4(BG,Z) τ H
3(G,Z)
is commutative. Here,MC is the multiplicative class and DD is the Dixmier–Douady class.
Corollary 3.12. A bundle gerbe with connection over a compact Lie group is multiplicative if and only if its Dixmier–Douady class is
transgressive.
This follows from the surjectivity of MC for G compact, see Proposition 3.9. Corollary 3.12 extends Theorem 5.8 of [7]
from bundle gerbes to bundle gerbes with connection.
Example 3.13. Consider the universal cover p : SU(2) → SO(3). We have a commutative diagram
H4
(
BSO(3),Z
) Bp∗
τSO(3)
H4
(
BSU(2),Z
)
τSU(2)
H3
(
SO(3),Z
)
p∗ H
3
(
SU(2),Z
)
.
All four cohomology groups can canonically be identiﬁed with Z. With respect to this identiﬁcation it is well known that
τSU(2) is the identity, τSO(3) and p∗ are multiplication by 2, and Bp∗ is multiplication by 4. Now suppose that G is a bundle
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that G is multiplicative with some multiplicative class ξ ∈ H4(BSO(3),Z). It follows that the Dixmier–Douady class of G
is 2ξ , and the one of its pullback is 4ξ . Hence, p∗G ∼= G4k . Put differently, only those bundle gerbes over SU(2) whose level
is divisible by 4 descend to multiplicative bundle gerbes with connection over SO(3).
4. Applications
This section contains three constructions of geometrical objects, all starting from a multiplicative bundle gerbe with
connection: central extensions of loop groups, bundle 2-gerbes for Chern–Simons theories and symmetric bi-branes.
4.1. Central extensions of loop groups
First we construct a principal U(1)-bundle TG over the loop space LM, associated to any bundle gerbe G with connection
over M . We show that in case that M is a Lie group G (not necessarily compact, simple or simply-connected) and G is
a multiplicative bundle gerbe with connection, TG is a Fréchet Lie group and a central extension of LG by U(1). Our
construction reproduces and extends previous work of Pressley and Segal [27], of Mickelsson [22], and of Brylinski and
McLaughlin [1].
We equip the free loop space LM := C∞(S1,M) with its usual Fréchet structure [19, Ex. 4.1.2]. Let us recall how the chart
neighborhoods are constructed. One identiﬁes loops τ : S1 → M with sections τ˜ : S1 → S1 × M in the trivial bundle with
ﬁbre M over S1. The goal is that sections are embeddings, so that one has for each τ a tubular neighborhood Eτ of the
image of τ˜ in S1 × M . A chart neighborhood of τ is now deﬁned by
Vτ :=
{
γ ∈ LM | Im(γ˜ ) ⊂ Eτ
};
it is diffeomorphic to an open subset of the Fréchet space Γ (S1, τ ∗TM). We recall the following standard facts.
Lemma 4.1. (See e.g. [3, Prop. 6.1.1].) The holonomy HolP : LM → U(1) of a principal U(1)-bundle P with connection over M is a
smooth map. Its derivative is
dlog(HolP ) =
∫
S1
ev∗F ∈ Ω1(LM),
where F ∈ Ω2(M) is the curvature of P , ev : LM × S1 → M is the evaluation map and ∫S1 denotes the integration along the ﬁbre.
Let G be a bundle gerbe with connection over M . We construct the U(1)-bundle TG over LM by specifying separately its
ﬁbres, following the ideas of Section 6.2 of [3]. For a loop γ : S1 → M we consider the category Iso(γ ∗G,I0) of connection-
preserving trivializations of the bundle gerbe γ ∗G over S1. Such trivializations exist: the Deligne cohomology group that
classiﬁes bundle gerbes with connection over S1 in terms of the bijection (14) vanishes:
H2
(
S1,D(2)) ()= H2(S1,Dd(2)) (∗)∼= H2(S1,U(1))= 0,
where () expresses the fact that all 2-forms on S1 are closed and (∗) is the quasi-isomorphism (29).
We recall from Section 2 that the category Iso(γ ∗G,I0) is a module over U(1)-Bun∇0 (S1), the category of ﬂat U(1)-
bundles over S1. On isomorphism classes, this yields an action of the group Pic∇0 (S1) of isomorphism classes of ﬂat U(1)-
bundles over S1 on the set Iso(γ ∗G,I0) of equivalence classes of trivializations. Moreover, since the equivalence (2) induces
a bijection on isomorphism classes, this action is free and transitive. Due to the canonical identiﬁcations
Pic∇0
(
S1
)∼= Hom(π1(S1),U(1))∼= U(1), (37)
we see that the set Iso(γ ∗G,I0) is a U(1)-torsor. This torsor will be the ﬁbre of the U(1)-bundle TG over the loop γ , i.e.
we set
TG :=
⊔
γ∈LM
Iso
(
γ ∗G,I0
)
,
and denote the evident projection by p :TG → LM.
Let us brieﬂy trace back how U(1) acts on the total space TG . A number z ∈ U(1) corresponds under the isomor-
phism (37) to a ﬂat bundle Pz over S1, characterized up to isomorphism by HolPz (S
1) = z. Using the action (1) of such
bundles on 1-isomorphisms, z takes a trivialization T to the new trivialization Pz ⊗ T in the same ﬁbre.
Next we deﬁne local sections of p :TG → LM over the chart neighborhoods Vτ of LM. Our construction differs slightly
from the one of [3]. Let Eτ be the tubular neighborhood of Im(τ˜ ) in S1 × M that has been used to deﬁne Vτ . Let t :
S1 × M → M denote the projection on the second factor. Since Eτ is a strong deformation retract of Im(τ˜ ), which is in turn
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isomorphic to one of the trivial bundle gerbes Iρ . This allows us to choose a trivialization
Tτ : t∗G|Eτ → Iρτ .
Consider now a loop γ ∈ Vτ . By deﬁnition γ˜ is a map γ˜ : S1 → Eτ , and by construction we have t ◦ γ˜ = γ . Thus, we obtain
a well-deﬁned section
sTτ : Vγ →TG : γ → γ˜ ∗Tτ .
We use these local sections to equip TG with the structure of a Fréchet manifold, again following the lines of [3]. Since
the ﬁbres of TG are U(1)-torsors, the sections sTτ deﬁne bijections
ϕτ : Vτ ×U(1) → p−1(Vτ ) : (γ , z) → Pz ⊗ γ˜ ∗Tτ .
These bijections induce a Fréchet manifold structure on each of the open sets p−1(Vτ ) ⊂TG . It remains to show that the
transition functions are smooth. For intersecting sets Vτ1 and Vτ2 the trivializations Tτ1 and Tτ2 determine by Proposi-
tion 2.1 a principal U(1)-bundle
P := Bun(Tτ1 ◦ T −1τ2 ) (38)
with connection over the intersection Eτ1 ∩ Eτ2 with P ⊗ Tτ2 ∼= Tτ1 . It follows that the transition function ϕ−1τ2 ◦ϕτ1 is given
by
(γ , z) → (γ , z ·HolP (γ˜ )),
which is smooth by Lemma 4.1. The same calculation shows that a choice of different trivializations T ′τ gives rise to a
compatible Fréchet structure. Summarizing, we have shown
Proposition 4.2. For G a bundle gerbe with connection over M,TG is a principal U(1)-bundle over LM.
Next we establish important functorial properties of our construction. We consider a 1-isomorphism A : G →H between
bundle gerbes with connection over M , and the associated principal U(1)-bundles TG and TH . For a trivialization T :
γ ∗G → I0 of G over a loop γ ∈ LM, we have a trivialization
T ◦ γ ∗A−1 : γ ∗H → I0
of H over the same loop. This is well-deﬁned on equivalence classes of trivializations, and thus deﬁnes a map TA :
TG →TH .
Proposition 4.3. Let G and H be bundle gerbes with connection. The map
TA :TG →TH
associated to a 1-isomorphismA : G →H is an isomorphism of principal U(1)-bundles over LM. Moreover:
(a) It respects the composition: if A : G →H and B :H →K are 1-isomorphisms,TB◦A =TB ◦TA .
(b) It respects identities:TidG = idTG .
(c) The existence of a 2-isomorphism β :A⇒ B implies that the isomorphismsTA andTB are equal.
Proof. The map TA is by deﬁnition ﬁbre-preserving. It respects the U(1)-actions because the trivializations P⊗(T ◦γ ∗A−1)
and (P ⊗ T ) ◦ γ ∗A−1 are equivalent. In order to check that TA is smooth, we consider a chart neighborhood Vτ of LM,
and the chart ϕτ of TG deﬁned by a trivialization Tτ : t∗G|Eτ → Iρτ as explained above. We may conveniently choose the
trivialization
T ′τ := Tτ ◦ t∗A−1 : t∗H|Eτ → Iρτ
to determine a chart ϕ′τ of TH . Then,
Vτ ×U(1) ϕτ p−1G (Vτ )
TA p−1H (Vτ )
ϕ′−1τ Vτ × U(1)
is the identity, and hence smooth. Assertion (c) follows directly from the deﬁnition. (a) and (b) follow by applying (c) to the
canonical 2-isomorphisms (B ◦A)−1 ∼=A−1 ◦B−1 and A ◦ idG ∼=A, respectively. 
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category whose objects are bundle gerbes with connection over M and whose morphisms are 2-isomorphism classes of
1-isomorphisms. This way we have deﬁned a functor
T : hBGrb∇(M) → U(1)-Bun(LM)
that we call transgression. Moreover, this functor is monoidal. Indeed, bundle isomorphisms
TG ⊗TH ∼=TG⊗H and TI0 ∼= I (39)
can be deﬁned as follows. The ﬁrst sends a pair (T1,T2) of trivializations of γ ∗G and γ ∗H, respectively, to their tensor
product T1 ⊗ T2 : γ ∗(G ⊗ H) → I0. The second is a particular case of the more general fact that the U(1)-bundle TIρ
associated to any trivial bundle gerbe Iρ is canonically globally trivializable: a global section of TIρ is deﬁned by γ →
γ ∗ id, where id : Iρ → Iρ is the identity isomorphism. It is straightforward to check that these isomorphisms are smooth
and that the coherence axioms for monoidal functors are satisﬁed. Summarizing, we have shown
Proposition 4.4. Transgression is a monoidal functor
T : hBGrb∇(M) → U(1)-Bun(LM).
We observe furthermore, for f : N → M a smooth map, that the identiﬁcation γ ∗ f ∗G = ( f ◦ γ )∗G induces natural
isomorphisms
L f ∗TG ∼=T f ∗G (40)
of U(1)-bundles over LN.
Suppose G and G′ are the same underlying bundle gerbe, but equipped with different connections. According to Re-
mark 2.2, there exists an invertible bimodule A : G → G′ ⊗ Iρ , whose curvature 2-form ρ compensates the difference
between the two connections. The transgression of A deﬁnes an isomorphism TA :TG →TG′ ⊗ Iρ ∼=TG′ ⊗TIρ ∼=TG′ .
Thus, the principal U(1)-bundle TG depends on the connection on G only up to canonical isomorphisms.
As a consequence, we have realized a well-deﬁned group homomorphism
μ : H3(M,Z) → H2(LM,Z), (41)
which sends the Dixmier–Douady class of a bundle gerbe G with connection to the ﬁrst Chern class of the U(1)-bundle TG .
Lemma 4.5. The homomorphism μ covers integration along the ﬁbre in de Rham cohomology up to a sign, i.e. the diagram
H3(M,Z)
μ
H2(LM,Z)
H3dR(M) − ∫S1 H
2
dR(LM)
is commutative.
Proof. We deﬁne a connection on TG and show that its curvature is minus the integration over the ﬁbre of the curvature
of G . Let τ ∈ LM, and let sTτ : Vγ → TG be a local section deﬁned on the neighborhood Vτ from a trivialization Tτ :
t∗G|Eτ → Iρτ as explained above. Notice that the evaluation map ev : LM × S1 → M lifts to a commutative diagram
Vτ × S1 evτ Eτ
t
LM × S1 ev M.
(42)
We deﬁne a local 1-form
Aτ := −
∫
S1
ev∗τ ρτ ∈ Ω1(Vτ )
by integration along the ﬁbre. For each intersection Vτ1 ∩ Vτ2 , we have the principal U(1)-bundle P from (38), which has
curvature F = ρτ1 − ρτ2 . Thus,
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∫
S1
ev∗F = dlog(HolP )
by Lemma 4.1. Since the holonomy of P is a transition function for TG , we conclude that the local 1-forms Aτ deﬁne a
connection on TG . The curvature of this connection is
dAτ = −
∫
S1
ev∗τ dρτ = −
∫
S1
ev∗τ t∗H = −
∫
S1
ev∗H,
with H the curvature of the bundle gerbe G , where the ﬁrst equality follows since integration along a closed ﬁbre is a chain
map, the second because the two isomorphic bundle gerbes t∗G|Eτ and Iρτ necessarily have equal curvatures, and the third
is due to the commutativity of diagram (42). 
In the following we consider the principal U(1)-bundle TG associated to a multiplicative bundle gerbe (G,M,α) with
connection over a Lie group G . We show that its total space is a central extension of its base space, the Fréchet Lie group LG.
To do so, we use Grothendieck’s correspondence between central extensions and multiplicative U(1)-bundles [18]. We
shall brieﬂy review this correspondence. As mentioned in the introduction, a multiplicative U(1)-bundle over a Fréchet Lie
group H is a principal U(1)-bundle p : P → H together with a bundle isomorphism
φ : p∗1P ⊗ p∗2P →m∗P
over H × H such that the diagram
p∗1P ⊗ p∗2P ⊗ p∗3P
m∗12φ⊗id
id⊗m∗23φ
m∗12P ⊗ p∗3P
m∗12,3φ
p∗1P ⊗m∗23P m∗1,23φ m
∗
123P
(43)
over H × H × H is commutative. Concerning the various multiplication maps we have used the notation introduced in
Section 2. A central extension of H is obtained by deﬁning the following Fréchet Lie group structure on the total space P .
1. The product is the top row in the commutative diagram
P × P
p×p
p∗1P ⊗ p∗2P φ m∗P P
p
H × H H × H H × H m H,
which is a smooth map and covers the multiplication of H . As a consequence of the commutativity of (43), the product
is associative.
2. To look for the identity element, we restrict our attention to the ﬁbre of P over 1 ∈ H , where the isomorphism φ
is an isomorphism φ1,1 : P1 ⊗ P1 → P1 of U(1)-torsors. Any such isomorphism determines an element e ∈ P1 with
φ(p, e) = p for all p ∈ P1. Using the commutativity of (43) it is straightforward to see that e is a right and left identity
for the product deﬁned by φ.
3. The inversion of P is deﬁned using the fact that P has a canonical dual bundle P∨ , namely P∨ := P but with U(1)
acting by inverses. It has also a canonical isomorphism d : P∨ ⊗ P → I deﬁned by d(p, p) = 1 for all p ∈ P . Now, the
inversion of P is the top row in the diagram
P
id
P∨ e P∨ ⊗ P1 id⊗ j
∗φ−1
P∨ ⊗ P ⊗ i∗P d⊗id i∗P P
H H H H H
i
H,
in which i : H → H is the inversion of H , e sends p ∈ P∨ to (p, e), and j : H → H × H is the map t(h) := (h, i(h)).
The inversion deﬁned like this is a smooth map and covers i. One can check that it provides right (and thus also left)
inverses for the product deﬁned by φ.
It remains to notice that the map ι : U(1) → P : z → e.z is a diffeomorphism onto its image P1, and that the sequence
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is exact; it is hence a central extension of Fréchet Lie groups.
In order to apply this construction to the transgressed principal U(1)-bundle P :=TG over H := LG, we only need to
deﬁne the isomorphism φ. This is done using the transgression of the 1-isomorphism M and the canonical isomorphisms
(39) and (40): we obtain a bundle isomorphism
Lp∗1TG ⊗ Lp∗2TG ∼=Tp∗1G⊗p∗2G
TM Tm∗G⊗Iρ ∼= Lm∗TG
over LG× LG, which we denote by φM .
Lemma 4.6. Let (G,M,α) be a multiplicative bundle gerbe with connection over G. Then, (TG , φM) is a multiplicative principal
U(1)-bundle over LG.
Proof. We have to show that the associated diagram (43) commutes. This is due to the 2-isomorphism α in the struc-
ture of the multiplicative bundle gerbe, whose transgression gives by Proposition 4.3(c) an equality. Explicitly, we obtain a
commutative diagram
Lp∗1TG ⊗ Lp∗2TG ⊗ Lp∗3TG
id⊗m∗23φM
m∗12φM⊗id Lm∗12TG ⊗ Lp∗3TG
m∗12,3φM
TG1⊗G2⊗G3
TM1,2⊗id
Tid⊗M2,3
TG12⊗G3⊗Iρ1,2
TTM12,3
TG1⊗G23⊗Iρ2,3 TM1,23
TG123⊗Iρ	
Lp∗1TG ⊗ Lm∗23TG m∗1,23φM Lm
∗
123TG
of bundle isomorphisms over LG × LG × LG: the small subdiagram in the middle is the transgression of α, and the other
subdiagrams are commutative due to the naturality and the coherence of the isomorphisms (39) and (40). 
Summarizing, we have
Theorem 4.7. Let (G,M,α) be a multiplicative bundle gerbe with connection over a Lie group G. Then,TG is a Fréchet Lie group and
1 U(1) TG
p
LG 1
is a central extension of LG.
Theorem 4.7 generalizes the geometrical construction of [1, Thm. 5.4], from simply-connected Lie groups to arbitrary Lie
groups, for which case Brylinski and McLaughlin switch to an abstract cohomological point of view (see [1, Thm. 5.1.2]).
Below we show explicitly that our construction reproduces (for G simply-connected) the central extensions of Pressley and
Segal [27] and of Mickelsson [22].
To start with, let us brieﬂy write out the multiplication on TG in terms of trivializations of G . Suppose T1 and T2 are
trivializations representing elements in the ﬁbres of TG over loops γ1 and γ2. Then, their product φM(T1,T2) is represented
by the trivialization
(γ1γ2)
∗G 	
∗
γ1,γ2
M−1
γ ∗1 G ⊗ γ ∗2 G T1⊗T2 I0, (44)
where 	γ1,γ2 : S1 → G2 is the loop 	γ1,γ2 (z) := (γ1(z), γ2(z)).
Next we recall from Example 2.5 that for G compact, simple and simply-connected there exist canonical multiplicative
bundle gerbes Gk with connection for each k ∈ Z. Thus, Theorem 4.7 produces a family TGk of central extensions of LG. The
following discussion shows what they are.
In general, central extensions of a (Fréchet) Lie group H by an abelian Lie group A are classiﬁed by H2(BH, A) (e.g.
[4, Prop. 1.6]). According to our description of the cohomology of classifying spaces in terms of Cˇech cohomology we choose
open covers U1 of H and U2 of H2, which are compatible with the face maps in the sense of Section 3. A cocycle in
H2(BH, A) consists then of Cˇech cochains
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such that the cocycle conditions
δg = 1, 	g = δh and 	h = 1
are satisﬁed. The Cˇech cocycle g is a classifying cocycle for the principal A-bundle which underlies the given central exten-
sion. Thus, the homomorphism
H2(BH, A) H1(H, A) (45)
which is induced by the projection (g,h) → g takes the class of the central extension to the class of the underlying principal
bundle. From the cochain h one can extract the characteristic class of the underlying Lie algebra extension [4].
Now we specialize to the central extensions of Theorem 4.7, in which case H := LG and A = U(1). Here we can com-
bine (45) with the connecting homomorphism of the exponential sequence and obtain a homomorphism
H2
(
BLG,U(1)
)→ H2(LG,Z). (46)
If we regard Theorem 4.7 as a homomorphism
μ˜ : H3(BG,Dbi(2))→ H2(BLG,U(1)),
we obtain immediately
Proposition 4.8. The homomorphism μ˜ lifts the homomorphism μ, i.e.
H3
(
BG,Dbi(2))
DD
μ˜
H2
(
BLG,U(1)
)
(46)
H3(G,Z) μ H
2(LG,Z)
is a commutative diagram.
Now we recall [27, Prop. 4.4.6] that for G compact, simple and simply-connected, there is a universal central extension
characterized such that the ﬁrst Chern class of the underlying principal U(1)-bundle is the image of the generator 1 ∈
Z = H3(G,Z) under the integration over the ﬁbre. Since this generator is the Dixmier–Douady class of G1, we see from
Lemma 4.5 that TG1 is the dual of the universal central extension. Thus,
Corollary 4.9. Let G be compact, simple and simply-connected. Then, the central extension TGk is the dual of the k-th power of the
universal central extension of the loop group LG.
This duality can alternatively be expressed in a nice geometrical way. The universal central extension of LG has another
realization due to Mickelsson [22], emerging from conformal ﬁeld theory. It is deﬁned as the set of pairs (φ, z) consisting
of a smooth map φ : D2 → G deﬁned on the unit disc and a complex number z ∈ U(1), subject to the equivalence relation
(φ, z) ∼ (φ′, z′) ⇔ φ|∂D2 = φ′|∂D2 and z′ = z · e2π iSWZ(φ).
Here φ : S2 → G is the continuous and piecewise smooth map obtained by gluing the domains of φ and φ′ along their
common boundary S1 (the latter with reversed orientation), and SWZ is the Wess–Zumino term, which is well-deﬁned for
simple and simply-connected Lie groups. We have a projection
p : E → LG : (φ, z) → φ|∂D2 ,
and one can show that its ﬁbres are U(1)-torsors, and that E is a locally trivial bundle over LG.
The pairing between E and TG1 that expresses the duality of Corollary 4.9 is a bundle isomorphism
E ⊗TG1 → LG× U(1) (47)
over LG , which we deﬁne as follows. For representatives (φ, z) and T : γ ∗G1 → I0 of elements in the ﬁbre over a loop
γ , let S : φ∗G → Iσ be any trivialization of the pullback of G1 to D2, and let T be the U(1)-bundle over ∂D2 deﬁned as
T := Bun(T ◦ S−1|∂D2 ). Then, the pairing (47) is given by
(φ, z) ⊗ T → z · exp
(
2π i
∫
2
σ
)
·HolT
(
∂D2
) ∈ U(1).
D
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choice of S , see [34]. The choice of another representative T ′ leads to an isomorphic bundle T ′ with the same holonomies
as T . For the choice of another representative (φ′, z′) let R : φ∗G → Iω be a trivialization with restrictions S and S ′ on the
domains of φ and φ′ , respectively. Now,
e2π iSWZ(φ)
(∗)= HolG1 (φ) ()= exp
(
2π i
∫
S2
ω
)
= exp
(
2π i
∫
D2
σ − 2π i
∫
D2
σ ′
)
where (∗) is the relation between the Wess–Zumino term and the holonomy of the bundle gerbe G1 which underlies all the
applications of bundle gerbes in conformal ﬁeld theory [8] and () is precisely the deﬁnition of this holonomy. All together,
we see that the pairing (47) is well-deﬁned.
It is obvious that (47) is U(1)-equivariant; in particular it is an isomorphism. Let us ﬁnally equip the U(1)-bundle E with
a product, which is deﬁned [22] by
(φ1, z1) · (φ2, z2) :=
(
φ1φ2, z1z2 · exp
(
2π i
∫
D2
Φ∗ρ
))
,
with Φ : D2 → G × G deﬁned by Φ(s) := (φ1(s), φ2(s)), and ρ the 2-form (7). It is left to the reader to verify that the
pairing (47) indeed respects the products on E and TG1 .
4.2. Bundle 2-gerbes for Chern–Simons theory
We construct from a multiplicative bundle gerbe with connection over a Lie group G and a principal G-bundle with
connection A over some smooth manifold M a bundle 2-gerbe G with connection over M . We show that the holonomy
of this 2-gerbe around closed oriented three-dimensional manifolds coincides with (the exponential of) the Chern–Simons
action for the connection A.
Let G be a Lie group and g its Lie algebra. Let p : E → M be a principal G-bundle over a smooth manifold M , and let
A ∈ Ω1(E,g) be a connection on E . We recall that for every invariant polynomial P on g of degree l there exists a canonical
invariant (2l − 1)-form TP(A) on E such that
dTP(A) = P(ΩlA), (48)
where ΩA := dA + [A ∧ A] is the curvature 2-form of A [9, Prop. 3.2]. Commonly, Chern–Simons theory refers to the study
of the form TP(A) in the case l = 2. In this case, TP(A) is
TP(A) = P (A ∧ dA) + 2
3
P
(
A ∧ [A ∧ A]) ∈ Ω3(E),
and (48) becomes
dTP(A) = p∗F A, (49)
where F A ∈ Ω4(M) is the Pontryagin 4-form characterized uniquely by the condition that p∗F A = P (ΩA ∧ ΩA).
In case that the manifold M is closed, oriented and three-dimensional, and the principal bundle E admits a global
smooth section s : M → E , the Chern–Simons action is deﬁned by
ZM(A) :=
∫
M
s∗TP(A). (50)
A suﬃcient condition for the existence of the section s is that G is simply-connected, but one is also interested in the
non-simply connected case. Dijkgraaf and Witten have made the following proposal [11]. One assumes that there is a four-
dimensional compact oriented manifold B with ∂B = M , together with a principal G-bundle E˜ with connection A˜ over B
such that E˜|M = E and A˜|E = A˜. Then,
ZM(A) :=
∫
B
F A˜ (51)
replaces the old deﬁnition (50). The ambiguities coming from different choices of B , E˜ or A˜ take their values in Z so
that 2π iZM(A) is well-deﬁned in U(1). By Stokes’ Theorem and (49), the old expression (50) is reproduced whenever the
section s exists.
The deﬁnition of the Chern–Simons action due to Dijkgraaf and Witten is an analog of the deﬁnition of the Wess–Zumino
term given by Witten [35]. This term could later be identiﬁed as the holonomy of a bundle gerbe with connection [8]. One
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connection, which is a purely geometrical problem [17].
Motivated by this observation, also the Chern–Simons action (50) should be realized as a holonomy; now of a bundle
2-gerbe and taken around the three-manifold M . Let us ﬁrst recall some facts about bundle 2-gerbes.
Deﬁnition 4.10. (See [31].) A bundle 2-gerbe over a smooth manifold M is a surjective submersion π : Y → M , a bundle
gerbe H over Y [2] , a 1-isomorphism
E : π∗12H⊗π∗23H → π∗13H
of bundle gerbes over Y [3] , and a 2-isomorphism
p∗12H⊗ p∗23H⊗ p∗34H
p∗123E⊗id
id⊗p∗234E p∗12H⊗ p∗24H
μ p∗124E
p∗13H⊗ p∗34H p∗134E p
∗
14H
such that μ satisﬁes the natural pentagon axiom. A connection on a bundle 2-gerbe is a 3-form C ∈ Ω3(Y ) together with a
connection on H of curvature
curv(H) = π∗2 C −π∗1 C, (52)
such that E and μ are 1- and 2-isomorphism of bundle gerbes with connection.
Generalizing the Dixmier–Douady class of a bundle gerbe, every bundle 2-gerbe G has a characteristic class CC(G) ∈
H4(M,Z). Generalizing the trivial bundle gerbes Iρ associated to 2-forms ρ on M , there are trivial bundle 2-gerbes IH
associated to 3-forms H ∈ Ω3(M) with CC(IH ) = 0.
Suppose that S is a closed oriented three-dimensional manifold and φ : S → M is a smooth map. The pullback of any
bundle 2-gerbe G with connection over M along φ is isomorphic to a trivial bundle 2-gerbe IH for some 3-form H . Then,
HolG(S) := exp
(
2π i
∫
S
H
)
(53)
is independent of the choice of H , and is called the holonomy of G around S . The curvature of a bundle 2-gerbe G with
connection is the unique 4-form curv(G) ∈ Ω4(M) which satisﬁes π∗ curv(G) = dC . A fundamental relation between the
holonomy and the curvature of a bundle 2-gerbe with connection is the following: if B is a compact, four-dimensional,
oriented smooth manifold and Φ : B → M is a smooth map,
HolG(∂B) = exp
(
2π i
∫
B
Φ∗ curv(G)
)
. (54)
A bundle 2-gerbe related to Chern–Simons theory has been constructed in [20]. It is then shown [20, Prop. 8.2] that this
bundle 2-gerbe admits a connection whose holonomy is (the exponential of) the Chern–Simons action (50). In [7] Johnson’s
bundle 2-gerbe is reproduced as the pullback of a “universal” bundle 2-gerbe over BG obtained using multiplicative bundle
gerbes (without connection). The goal of this section is to provide a more systematical construction of bundle 2-gerbes with
connection using multiplicative bundle gerbes with connection.
For preparation, we recall that any principal G-bundle E over M deﬁnes a simplicial manifold E• whose instances are
the ﬁbre products E[k] of E over M . There is a canonical simplicial map g : Ek → Gk−1 into the simplicial manifold G• ,
which extends the “transition function” g : E[2] → G deﬁned by x · g(x, y) = y for all (x, y) ∈ E[2] . It is useful to recall that
the geometric realization
ξ := |g| : |E•| → |G•|
of g is a classifying map for the bundle E under the homotopy equivalence M ∼= |E•| and with BG := |G•|.
Differential forms on the simplicial manifold E• arrange into a complex
0 Ωk(M)
p∗=	
Ωk(E)
	
Ωk
(
E[2]
) 	
Ωk
(
E[3]
) · · ·
whose differential is the alternating sum (15). It commutes with the exterior derivative so that
d	TP(A)
(49)= 	(p∗F A)= 	2(F A) = 0.
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[2]), and one can calculate that this class coincides with the class
of g∗H , where
H := 1
6
P
(
θ ∧ [θ ∧ θ]). (55)
This coincidence can be expressed explicitly by
	TP(A) = g∗H + dω, (56)
where the coboundary term is provided by the 2-form
ω := −P(g∗θ¯ ∧ p∗1A) ∈ Ω2(E[2]).
It will be important to notice that there exists a unique 2-form ρ ∈ Ω2(G2) which satisﬁes
g∗ρ + 	ω = 0. (57)
One can check explicitly that this 2-form is given by
ρ := 1
2
P
(
p∗1θ ∧ p∗2θ¯
)
. (58)
For the following construction of the bundle 2-gerbe CSE (G,M,α) we assume that the following structure is given:
1. A multiplicative bundle gerbe (G,M,α) with connection over some Lie group G .
2. An invariant polynomial P of degree two on the Lie algebra g, such that the curvature H of G and the curvature ρ of
M are given by (55) and (58).
3. A principal G-bundle E with connection A over a smooth manifold M .
Example 4.11. For G compact, simple and simply-connected, one can choose one of the canonical bundle gerbes Gk equipped
with their canonical multiplicative structure from Example 2.5. If 〈−,−〉 is the invariant bilinear form on g normalized like
described there, one chooses P (X, Y ) := k〈X, Y 〉.
The ﬁrst step in the construction of the bundle 2-gerbe CSE (G,M,α) is the bundle gerbe
H := g∗G ⊗ Iω
with connection over E[2] . Using the commutation relations between the simplicial map g and the projections E [3] → E[2] ,
namely
	3 ◦ g = g ◦ p12, 	1 ◦ g = g ◦ p23 and 	2 ◦ g = g ◦ p13, (59)
one obtains a 1-isomorphism E of bundle gerbes over E[3] by
p∗12H⊗ p∗23H = g∗
(
p∗1G ⊗ p∗2G
)⊗ Ip∗13ω+ρ g
∗M⊗id g∗m∗G ⊗ Ip∗13ω = p∗13H.
Finally we deﬁne a 2-isomorphism μ of bundle gerbes over E[4] by
p∗12H⊗ p∗23H⊗ p∗34H
p∗123E⊗id
id⊗p∗234E p∗12H⊗ p∗24H
p∗124E
g∗(G1 ⊗ G2 ⊗ G3 ⊗ Iρ˜ )
g∗M1,2⊗id
id⊗g∗M2,3 g∗(G1 ⊗ G23 ⊗ Iρ1,23 )
g∗M1,23g∗α
g∗(G12 ⊗ G3 ⊗ Iρ12,3 ) g∗M12,3 g
∗G123 ⊗ Ip∗14ω
p∗13H⊗ p∗34H p∗134E p
∗
14H.
Theorem 4.12. The surjective submersion p : E → M, the 3-form TP(A) over E, the bundle gerbe H with connection over E [2] , the
1-isomorphism E and the 2-isomorphism μ deﬁne a bundle 2-gerbe CSE(G,M,α) with connection over M. It has the following
properties:
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CC
(
CSE(G,M,α)
)= ξ∗MC(G,M,α).
(b) Its curvature is the Pontryagin 4-form of the connection A,
curv
(
CSE (G,M,α)
)= F A .
Proof. To prove that we have deﬁned a bundle 2-gerbe it remains to check the condition (52) and the pentagon axiom
for the 2-isomorphism μ. The latter follows directly from the pentagon axiom for α, see Deﬁnition 2.3. Condition (52) is
satisﬁed:
curv(H) = g∗H + dω (56)= 	TP(A) = p∗2TP(A) − p∗1TP(A).
Property (a) follows from the fact that – apart from the forms – all the structure of the bundle 2-gerbe is pullback of
structure of the multiplicative bundle gerbe along the simplicial map g which realizes the classifying map ξ . (b) follows
directly from (49). 
Let us now study the holonomy of the bundle 2-gerbe from Theorem 4.12.
Proposition 4.13. Let CS := CSE (G,M,α) be the bundle 2-gerbe with connection from Theorem 4.12, associated to a principal
G-bundle E with connection A.
(1) Let φ : S → M be a smooth map where S is a three-dimensional, closed and oriented manifold, and assume that E has a section s
along φ , i.e. a smooth map s : S → E such that p ◦ s = φ. Then,
HolCS(S) = exp
(
2π i
∫
S
s∗TP(A)
)
.
(2) Let Φ : B → M be a smooth map where B is compact, oriented and four-dimensional. Then,
HolCS(∂B) = exp
(
2π i
∫
B
Φ∗F A
)
.
Proof. In the ﬁrst case there exists a trivialization T : φ∗CS → Is∗TP(A) since the surjective submersion of the bundle 2-gerbe
φ∗CS has a section. Then (53) proves the assertion. The second case follows from (54). 
Putting S = M and φ = id, (1) reproduces the original deﬁnition (50) of the Chern–Simons action. Putting B = M and
Φ = id, (2) reproduces the extended deﬁnition (51) of Dijkgraaf and Witten. This motivates the following deﬁnition of a
Chern–Simons theory.
1. For G any Lie group, a Chern–Simons theory with gauge group G is an invariant polynomial P on the Lie algebra of G of
degree two and a multiplicative bundle gerbe (G,M,α) with connection over G whose curvature forms are
H = 1
6
P
(
θ ∧ [θ ∧ θ]) and ρ = 1
2
P
(
p∗1θ ∧ p∗2θ¯
)
. (60)
Two Chern–Simons theories are considered to be equivalent if their polynomials coincide and their gerbes are multi-
plicatively isomorphic in the sense of Deﬁnition 2.7.
2. The ﬁelds are triples (M, E) of a closed, oriented three-dimensional manifold M and a principal G-bundle E over M
with connection.
3. A Chern–Simons theory assigns to each ﬁeld (M, E, A) the number
A(M, E) := HolCSE (G,M,α)(M) ∈ U(1),
where CSE(G,M,α) is the bundle 2-gerbe from Theorem 4.12.
One consequence of this deﬁnition is a precise classiﬁcation of Chern–Simons theories with gauge group G . We obtain as a
consequence of Proposition 3.5
Proposition 4.14. Let G be an arbitrary Lie group and P be an invariant polynomial on g of degree two.
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R
(G) deﬁned by P lies in the integral
lattice M3
Z
(G).
2. If so, inequivalent Chern–Simons theories with polynomial P are parameterized by H3(BG,U(1)).
Additionally, every Chern–Simons theory deﬁnes a class in H4(BG,Z), namely the multiplicative class of its multiplicative
bundle gerbe with connection. For G compact, the action of Ω2(G) on multiplicative bundle gerbes with connection from
Proposition 3.9 preserves this class, and if we restrict this action to Ω2d,	(G), it also preserves the curvature forms η and ρ .
Hence, Chern–Simons theories with ﬁxed class in H4(BG,Z) are parameterized by Ω2d,	(G)/Ω
2
d,	,Z(G), and one can check
that there is a bijection
Ω2d,	(G)
Ω2d,	,Z(G)
∼= H
3(BG,R)
H3(BG,Z)
.
Since G is compact we have H3(BG,R) = 0 so that there is no ambiguity; this reproduces a central result of Dijkgraaf and
Witten [11].
If G is additionally simple one can also introduce a level: this is the ratio between the pullback of H to the simply-
connected cover G˜ , and the generator of H3(G˜,Z) = Z. For example, we have already found (see Example 3.13) that for
G = SO(3) the level of a Chern–Simons theory is divisible by four, which is in agreement with the results of [12].
4.3. Symmetric D-branes and bi-branes
Every bundle gerbe with connection has a notion of holonomy around closed, oriented surfaces. This notion can be
extended to surfaces with boundary by requiring additional structure, called D-branes. A D-brane is a pair (Q ,E) of a
submanifold Q of M and a G|Q -module: a (not necessarily invertible) 1-morphism E : G|Q → Iω , see [6,15,34].
In a similar way, surface holonomy can be extended to surfaces with defect lines: these are embedded oriented circles
that divide the surface into several components. To each of these components a manifold Mi with a bundle gerbe Gi with
connection is assigned. In this situation, the additional structure is a collection of bi-branes, one for each defect line [14].
If a defect line separates components assigned to M1 and M2, a bi-brane is a submanifold Q˜ ⊂ M1 × M2 together with
a p∗1G1|Q˜ –p∗2G2|Q˜ -bimodule, where pi are the projections M1 × M2 → Mi . As mentioned in Section 2, the bimodule is a
1-morphism
D : p∗1G1|Q˜ → p∗2G2|Q˜ ⊗ Iω˜,
and the 2-form ω˜ ∈ Ω2(Q˜ ) is called its curvature.
The goal of this section is the construction of bi-branes in G × G from given D-branes in G . We consider the twisted
multiplication m˜(g,h) := gh−1 and the map
μ : G × G → G × G : (g,h) → (m˜(g,h),h),
which satisfy the relations m ◦ μ = p1, p1 ◦μ = m˜ and p2 ◦μ = p2.
Deﬁnition 4.15. Let (G,M,α) be a multiplicative bundle gerbe with connection over G , and let (Q ,E) be a D-brane con-
sisting of a submanifold Q ⊂ M and a module E : G|Q → Iω . We deﬁne a bi-brane DM(Q ,E) with the submanifold
Q˜ := m˜−1(Q ) ⊂ G × G
and the bimodule
p∗1G|Q˜ μ
∗M−1 m˜∗(G|Q ) ⊗ p∗2G|Q˜ ⊗ I−μ∗ρ|Q˜ m˜
∗E⊗id⊗id p∗2G|Q˜ ⊗ Iω˜
of curvature ω˜ := −μ∗ρ|Q˜ + m˜∗ω.
In their applications to Wess–Zumino–Witten models, D-branes and bi-branes are required to satisfy certain symmetry
conditions. For a symmetric D-brane (Q ,E) the submanifold Q is a conjugacy class Q = Ch of G , and the gerbe module
E has the particular curvature
ωh :=
〈
θ |Ch ∧
Ad−1 +1
Ad−1 −1 θ |Ch
〉
∈ Ω2(Ch). (61)
For compact simple Lie groups G , all (irreducible) symmetric D-branes are known: the conjugacy classes are “quantized” to
those who correspond to integrable highest weights, and the gerbe modules E with curvatures ωh have been constructed
explicitly [15]. Our aim is to use these available D-branes to construct symmetric bi-branes via Deﬁnition 4.15.
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deduced the condition that the submanifold Q˜ ⊂ G × G has to be a biconjugacy class. These are the submanifolds
Bh1,h2 :=
{
(g1, g2) ∈ G × G | g1 = x1h1x−12 and g2 = x1h2x−12 ; x1, x2 ∈ G
}
of G × G . Biconjugacy classes are related to conjugacy classes by
Bh1,h2 = m˜−1(Ch1h−12 ) (62)
for m˜ the twisted multiplication used above. Another condition we have found in [14] is that the curvature of a symmetric
bi-brane with submanifold Bh1,h2 has to be the 2-form
ω˜h1,h2 := m˜∗ωh1h−12 −
1
2
〈
p∗1θ ∧ p∗2θ
〉 ∈ Ω2(Bh1,h2)
with ωh1h−12
the 2-form on Ch1h−12 from (61).
Proposition 4.16. Let (G,M,α) be a multiplicative bundle gerbe with connection over G with curvature η (5) and 2-form ρ (7), and
let (Ch,E) be a symmetric D-brane. Then, the bi-brane DM(Ch,E) is symmetric.
Proof. By (62), the submanifold of DM(Ch,E) is a biconjugacy class. Its curvature ω˜ is according to Deﬁnition 4.15 given
by ω˜ = −μ∗ρ + m˜∗ωh . For h1,h2 ∈ G such that h1h−12 = h, the coincidence ω˜ = ω˜h1,h2 can be checked explicitly. 
In conclusion, we have constructed ﬁrst examples of symmetric bi-branes in Wess–Zumino–Witten models, whose target
space is a compact and simple Lie group G .
Remark 4.17. Topological defects in a conformal ﬁeld theory have a natural fusion product. It is to expect that symmetric
bi-branes also come with a notion of fusion – some aspects have been developed in [14]. The ring of topological defects is
in turn closely related to the Verlinde ring, and there are concrete manifestations of this relation in terms of bi-branes [14].
Proposition 4.16 allows now to apply the fusion of symmetric bi-branes to symmetric D-branes, whenever the underlying
bundle gerbe is multiplicative. The observation that symmetric D-branes only have a ring structure in this multiplicative
situation is indeed well-known, both in a setup with bundle gerbes [10] as well as in twisted K-theory [13].
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